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SYMPLECTIC TRIANGLE INEQUALITY
VSEVOLOD SHEVCHISHIN AND GLEB SMIRNOV
Abstract. We prove a non-squeezing result for Lagrangian embeddings of the real
projective plane into blow-ups of the symplectic ball.
1. Statement of the main result
The problem we consider is whether or not one may find an embedded Lagrangian RP2
in the three-fold blow-up of the symplectic ball. Let (B,ω) be the symplectic ball with∫
B
ω2 = 1, and let B3(µ1,µ2,µ3) be B blown-up three times; here µi > 0 are the areas of
the exceptional curves, which satisfy 1−µi−µj > 0. Note that the positivity condition
1−
∑
iµ
2
i > 0 is automatically satisfied.
We will show that B3(µ1,µ2,µ3) admits an embedded Lagrangian RP
2 if and only if µi
obey
µi < µj +µk,
so that the sum of the sizes of any two blow-ups must be greater than the size of the
remaining blow-up. The existence of a Lagrangian RP2 in B3 has been previously reported
in [BLW], under the assumption that µi are equal to each other and sufficiently small.
Although it is immediate that there is no embedded Lagrangian RP2 in the symplectic
ball B, one may ask if there is one in the blow-up of B or the two-fold blow-up of B.
The answer to this question is negative as there is a topological obstruction to such an
embedding; a result due to Audin [Aud] says that if L is an embedded Lagrangian RP2
then
[L]2 = 1 mod4.
(The reader will recall here that the self-interestion number of mod 2 classes has a lift to
Z4 coefficients, the Pontrjagin square.) It is easy to see that neither the blow-up of B nor
the two-fold blow-up has suitable homology classes.
There is no general method to find obstructions for Lagrangian embeddings into sym-
plectic 4-manifolds, though there are many results known. For instance, Li and Wu show
(see [LW]) there exists an embedded Lagrangian sphere in the two-fold blow-up of B if
and only if the sizes of the blow-ups are equal to each other.
Although one can always find an embedded Lagrangian torus in B, such an embedding
must satisfy interesting symplectic constraints. We let α to denote the action form on B,
dα = ω. If T 2 is a Lagrangian torus in B, then the restriction of α to T 2 is closed and,
therefore, defines a class in H1(T 2;R)∼= R2. A classical result of Gromov says (see [Gro])
that [α] never vanishes. In [HO], Hind and Opshtein established a certain bound on the
size of B in terms of [α] ∈ H1(T 2;R).
It is shown by Nemirovski-Shevchishin (see [N, Sh]) that there is no Lagrangian em-
bedding of the Klein bottle into B.
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2. Preliminaries
2.1. Symplectic rational blow-up. For symplectic 4-manifolds, the standard blow-
down is performed by removing a neighbourhood of a symplectic sphere with self-inter-
section −1 and replacing the sphere with the standard symplectic 4-ball. The symplectic
rational blow-down involves replacing a neighbourhood of a symplectic (−4)-sphere with
the symplectic rational homology ball which is the standard symplectic neighbourhood of
RP2 in TRP2. For details, see [F-S, Sym-1], where more general blow-downs are considered.
A different viewpoint comes from the symplectic sum surgery introduced in [MW, Gm].
Consider two symplectic 4-manifolds (Xi,ωi), i = 1,2, which contain symplectic spheres
Si with
[S1]
2 =−[S2]
2 and
∫
S1
ω1 =
∫
S2
ω2.
Let Xi−Si be the manifold with boundary such that Xi−Si− Yi is symplectomorphic
to (Xi−Si,ωi), where Yi = ∂(Xi−Si) is diffeomorphic to a circle bundle over Si. The
symplectic sum X1#S1=S2X2 is defined as X1−S1 ∪ϕ X2−S2, where ϕ : Y1 → Y2 is an
orientation-reversing diffeomorphism.
One may equip X1#S1=S2X2 with a symplectic structure ω which agrees with ωi over
Xi−Si and whose properties can be recovered from those of ωi. For instance,∫
X1#S1=S2X2
ω2 =
∫
X1
ω21+
∫
X2
ω22.
There are various descriptions of the symplectic sum available in the literature; the one
in [Sym-2] is particularly visual.
Let (X˜,ω) be a symplectic 4-manifold containing a symplectic (−4)-sphere Σ, and let
ω0 be the Fubini-Study symplectic form on CP
2. One may perform the symplectic sum
X := X˜#Σ=QCP
2, (2.1)
where Q ⊂ CP2 is the quadric Q = {z20+ z
2
1+ z
2
2 = 0}. Note that we need to scale ω0 up
such that ∫
Σ
ω =
∫
Q
ω0.
Note also that the complement of Q in CP2 is a symplectic neighbourhood of the La-
grangian projective plane {zi = z¯i}, and the Lagrangian therefore embeds into X.
Since a symplectic neighbourhood of an embedded Lagrangian RP2 is entirely standard,
the rational blow-down surgery is reversible. Namely, whenever X contains an embed-
ded Lagrangian L ∼= RP2, there exists a positive sufficiently small ε such that X splits
according to (2.1) with
∫
Q
ω0 = 4ε.
We shall say that the manifold X˜ in (2.1) is the symplectic rational blow-up of L in X.
Then the value of 4ε, which may be chosen arbitrary small, is called the size of the rational
blow-up. See [Kh-1, Kh-2] for a detailed study of symplectic rational blow-ups.
If X is the rational blow-down of Σ from X˜, then
b1(X) = b1(X˜), b
+
2 (X) = b
+
2 (X˜), b
−
2 (X) = b
−
2 (X˜)−1. (2.2)
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These equations follow from [F-S]. We now discuss the relation between the intersection
form of X and that of X˜ in detail.
2.2. Lattice calculation. In this note a lattice is a free Abelian group Λ∼= Zn equipped
with a non-degenerate symmetric bilinear form qΛ : Λ×Λ→ Z.
Let (X,ω) be a compact symplectic manifold, L ∼= RP2 be a Lagrangian in X, and
(X˜, ω˜) be the rational blow-up of L in X. Denote by Σ the resulting exceptional (−4)-
sphere, by Λ := H2(X,Z)/Tor the 2-homology lattice of X, and by Λ˜ := H2(X˜,Z)/Tor the
same lattice of X˜.
Following [BLW], we describe the relation of Λ˜ to Λ. The intersection with L ∼= RP2
defines a homomorphism wL : Λ → Z2. Denote by Λ
′ the kernel of this homomorphism.
This is a sublattice of Λ of index 2.
The elements of Λ′ are represented by oriented surfaces in X having vanishing Z2-
intersection index with L. By placing the surface Y in generic position we obtain an even
number of transverse intersection points of Y with L. The intersections points can easily
be made to disappear, by cutting from Y a small neighbourhood of each intersection point
and connecting the boundaries by tubes. If desired, the surgery can be done in such a
way that the obtained surface remains orientable, see Lemma 4.10 in [BLW].
We therefore conclude that Λ′ is the 2-homology lattice of X\L. Since there exists a
natural diffeomorphism X\L∼= X˜\Σ, we obtain a natural embedding Λ′ ⊂ Λ˜. The image
of the latter will be denoted by Λ˜′.
On the other hand, the homology class of Σ generates the sublattice Z〈[Σ]〉 ⊂ Λ˜ of rank
1. In a similar vein as above one shows that the orthogonal sublattice [Σ]⊥ is generated
by oriented surfaces disjoint from Σ, and that sublattice is canonically identified with Λ˜′.
If S is an oriented embedded surface in X such that [S] ∈ [Σ]⊥, then one constructs a
representative of [S] that is disjoint from Σ as follows. Arrange S to be transverse to Σ
so that they intersect each other in finitely many points Q1, . . . ,Qk. Pick a pair of points
Q1,Q2 of opposite signs; we want to get rid of them. Let Γ1 and Γ2 be small circles in S
going around the points Q1 and Q2, respectively. Pick a path γ ⊂ Σ from Q1 to Q2. Then,
using a thin tube following the chosen path, we can connect Γ1 to Γ2. The intersections
Q1 and Q2 have now been eliminated. The number of positive points Qi must be equal
to the number of negative Qi, or [Σ] · [S] would not have vanished. So pick another pair
of points, find a path between them, eliminate, and so on till we run out of intersection
point.
Thus the sum Λ˜′⊕Z〈[Σ]〉 is orthogonal, and this is a sublattice in Λ˜ of finite index.
The index of
[
Λ˜ : Λ˜′ ⊕Z〈[Σ]〉
]
is the square root of the discriminant of the lattice
Λ˜′⊕Z〈[Σ]〉. Recall that the discriminant of a lattice is the absolute value of the Gram
matrix of the lattice with respect to any basis. Since the sum Λ˜′⊕Z〈[Σ]〉 is orthogonal,
this discriminant is the product of the discriminants of Λ˜′ and Z〈[Σ]〉.
The first discriminant is 4 = 22 since Λ′ ∼= Λ˜′ has index 2 in the unimodular lattice Λ.
In the case of Z〈[Σ]〉 the discriminant is |Σ2| = |−4| = 4. It follows that discriminant of
the lattice Λ˜′⊕Z〈[Σ]〉 is 4 · 4 = 16, and so the index is 4. In particular, for every λ ∈ Λ˜
the multiple 4λ lies in Λ′⊕Z〈[Σ]〉.
We sum up our previous considerations as follows:
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Lemma 2.2.1. Let (X,ω) be a closed symplectic 4-manifold, and L ⊂ X be Lagrangian
real projective plane in X. Let (X˜, ω˜) be the symplectic rational blow-up of L in X, and
Σ the arising (−4)-sphere. Denote by Λ and Λ˜ the integer lattices of X and resp. X˜. Let
Λ′ be the sublattice of vectors λ ∈ Λ having vanishing Z2-intersection with L.
Then the lattice Λ˜ admits a sublattice naturally isomorphic to Λ′ ⊕ Z〈[Σ]〉, and the
quotient group is Z4. (This follows from unimodularity of Λ˜.)
Since the rational blow-up surgery does not affect the symplectic form ω away from some
tubular neighbourhood of L, we see that the Chern class c1(X˜) coincides with the class
c1(X) on the sublattice Λ
′, and so do the classes [ω] and [ω˜].
3. The inequalities
We define a symplectic ball B0 as the round ball of radius r in R
4 = C2 equipped with
the standard symplectic structure
ω0 :=
i
2
(
dz1∧dz¯1+dz2∧dz¯2
)
= dx1∧dy1+dx2∧dy2.
In this case we say that the quantity pir2 is the size of the ball B0. This is the ω0-area of
the disc {(x1,y1;0,0) : x
2
1+y
2
1 6 1} in B.
Take the symplectic ball (B0,ω0) of size 1. Inside B0 take three disjoint symplectic balls
B(xi,µi), i= 1,2,3, of sizes µi > 0 and centers xi. By B3(µ1,µ2,µ3) we denote the three-
fold blow-up of B0 at xi, and by Ei ⊂ B3(µ1,µ2,µ3) we denote the arising exceptional
spheres.
3.1. Construction of Lagrangian RP2’s in a triply blown-up ball. For this discus-
sion we follow closely § 4.3.1 in [BLW].
Take the symplectic ball (B0,ω0) of size 1. Inside B0 take a symplectic ball B(x˜0, µ˜0)
of size µ˜0 > 0 and center x˜0. Let (B1, ω˜1) be the symplectic blow-up of the ball (B0,ω0)
at x˜0 of size µ˜0, using the ball B(x˜0, µ˜0). Denote by E˜0 the arising exceptional sphere.
Then
∫
E˜0
ω˜1 = µ˜0.
Take three distinct points x˜1, x˜2, x˜3 on E˜0. Then there exist disjoint symplectic balls
B(x˜i, µ˜i) of some sizes µ˜i > 0 such that each intersection E˜0∩B(x˜i, µ˜i) is a disc D(x˜i, µ˜i)
of area µ˜i. Notice that we get µ˜1+ µ˜2+ µ˜3 < µ˜0.
Let (B4, ω˜4) be the three-fold symplectic blow-up of the domain (B1, ω˜1) at the points
x˜i using the balls B(x˜i, µ˜i). Denote by E˜1, E˜2, E˜3 the arising exceptional spheres. Then∫
E˜i
ω˜4 = µ˜i. The proper preimage of E˜0 in (B4, ω˜4) is a symplectic sphere Σ of homology
class [Σ] = [E˜0]− ([E˜1]+ [E˜2]+ [E˜3]) and of area
∫
Σ
ω˜4 = µ˜0− (µ˜1+ µ˜2+ µ˜3).
Recall that there exists a symplectic embedding (B0,ω0) ⊂ (CP
2,ωst) such that the
complement of B0 in CP
2 is a projective line H . Here ωst is the Fubini-Study form on
CP2 normalized by
∫
CP2
ω2st = 1. A classical result of Lalonde-McDuff [LaMc] says that
if a symplectic 4-manifold X contains an embedded symplectic sphere of non-negative
self-intersection number, then X is either rational or ruled (not necessarily minimal.) If,
moreover, there is an embedded sphere of positive self-intersection number, then X is
either S2×S2 or is CP2 blown-up a number of times. This implies that every symplectic
domain for which a collar neighbourhood of its boundary is symplectomorphic to that
of B0 is obtained from B0 by finite sequence of symplectic blow-ups. Consequently, the
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rational blow-up of a Lagrangian projective plane in B3(µ1,µ2,µ2) is (B4, ω˜4) (as the
rational blowing-up surgery is performed away from ∂B3.)
3.1.1. Necessity. Let us make the homology lattice comparison of B3 and B4. For this
purpose we use an embedding B0 in CP
2 for which CP2 = B ⊔H , where H ⊂ CP2 is a
projective line. We use the notation X3, X˜4 for the CP
2 blown-up 3 or resp. 4 times. We
obtain the lattices
Λ3 := H2(X3,Z) = Z〈 [H ], [E1], [E2], [E3] 〉,
Λ4 := H2(X˜4,Z) = Z〈 [H ], [E˜0], [E˜1], [E˜2], [E˜3] 〉,
where [H ] denotes the class of the line in CP2. In this notation we have
[L]Z2 ≡ [E1]+ [E2]+ [E3]mod2
in X3, and
[Σ] = [E˜0]− ( [E˜1]+ [E˜2]+ [E˜3] ) (3.1)
in X˜4. The latter follows from the equations
[Σ] · [H ] = 0, [Σ]2 =−4, c1(X˜4) · [Σ] =−2.
Indeed, the orthogonality condition [Σ] · [H ] = 0 implies that [Σ] can be written in the
form
[Σ] = l0[E˜0]+ l1[E˜1]+ l2[E˜2]+ l3[E˜3].
Since [Σ]2 =−4, it follows that l2i =±1. But only one of li can be positive, or c1(X˜4) · [Σ]
would not be equal to (−2). We conclude that [Σ] is unique up to permutation of [E˜i], i=
0, . . . ,3.
Further, the Chern classes of X3 and X˜4 are
c1(X3) = 3[H ]− ( [E1]+ [E2]+ [E3] ), c1(X˜4) = 3[H ]− ( [E˜0]+ [E˜1]+ [E˜2]+ [E˜3] ).
Next, recall that we have the sublattice Λ′3 consisting of vectors λ ∈ Λ3 such that λ · [L]≡
0 mod2. The sublattice Λ′3 is generated by [H ] and the classes [Ei]− [Ej ], 2[Ei]. The
latter are primitive in Λ˜4, orthogonal to [H ], and characterised by the properties
([Ei]− [Ej ])
2 =−2, c1 · ([Ei]− [Ej ]) = 0, (2[Ei])
2 =−4, c1 · (2[Ei]) = 2.
Let us consider the sublattice Λ˜′4 ⊂ Λ˜4 consisting of the vectors λ ∈ Λ4 orthogonal to [Σ]
and find the classes with the properties above in Λ˜′4. The orthogonality to [H ] means that
we seek vectors of the form
λ= k0[E˜0]+k1[E˜1]+k2[E˜2]+k3[E˜3]. (3.2)
The condition λ2 = −2 means that two of the coefficients k0, . . . ,k3 are 0 and two
of them ±1. The orthogonality to [Σ] leaves two possibilities: either [E˜i]− [E˜j] with
i 6= j ∈ {1,2,3} or ±( [E˜0] + [E˜i] ) with i = 1,2,3. The orthogonality to c1 excludes the
latter possibility. The classes with λ2 = −4 are either 2[E˜0],2[E˜i], or with coefficients
ki = ±1 in (3.2). The orthogonality to [Σ] excludes double classes 2[E˜0],2[E˜i] and says
that two of the coefficients k0, . . . ,k3 are the same as for [Σ] and two of the opposite sign.
Finally, the condition c1 ·λ= 2 says that one of the coefficients k0, . . . ,k3 is −1 and three
other are +1. So our classes λ with λ2 =−4 are
[E˜0]+ [E˜1]+ [E˜2]− [E˜3], [E˜0]+ [E˜1]− [E˜2]+ [E˜3], [E˜0]− [E˜1]+ [E˜2]+ [E˜3].
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Notice that the symmetric group Sym3 permuting the classes in the sets {[E1], [E2], [E3]}
and {[E˜1], [E˜2], [E˜3]} acts in compatible way on the generating classes of the lattices Λ
′
3
and Λ˜′4.
The last property we need is
[Ei]− [Ej ] =
1
2
(2[Ei]−2[Ej ] ) in Λ
′
3,
[E˜1]− [E˜2] =
1
2
(
([E˜0]+ [E˜1]− [E˜2]+ [E˜3])− ([E˜0]− [E˜1]+ [E˜2]+ [E˜3])
)
in Λ˜′4
and similar for [E˜1]− [E˜3], [E˜2]− [E˜3].
Summing up we conclude:
Lemma 3.1.1. There is a unique (up to Sym3) lattice isomorphism Λ
′
3→ Λ˜
′
4 which sends
2[E1] 7→ [E˜0]− [E˜1]+ [E˜2]+ [E˜3], 2[E2] 7→ [E˜0]+ [E˜1]− [E˜2]+ [E˜3],
2[E3] 7→ [E˜0]+ [E˜1]+ [E˜2]− [E˜3].
(3.3)
On the other hand, those lattice isomorphisms which preserve c1 satisfy (3.3).
Now we can give a proof of the triangle inequality. Let (B3,ω3) be a symplectic ball
blown-up triply, and E1,E2,E3 the corresponding exceptional spheres. Denote by µi :=∫
Ei
ω3 the periods of the symplectic form so (B3,ω3) is B3(µ1,µ2,µ3).
Assume that there exists a Lagrangian L ∼= RP2 in (B3,ω3). Let (B4, ω˜4) be the
symplectic rational blow-up of L of size ε > 0. Introduce the homology classes in H2(B4,Z)
according to the formulas (3.1) and (3.3). Set µ˜i :=
∫
E˜i
ω˜4, i = 0, . . . ,3. We have the
relations:
µ˜0− (µ˜1+ µ˜2+ µ˜3) = 4ε
µ˜0− µ˜1+ µ˜2+ µ˜3 = 2µ1 µ˜0+ µ˜1− µ˜2+ µ˜3 = 2µ2 µ˜0+ µ˜1+ µ˜2− µ˜3 = 2µ3
or resolved in µ˜i
µ˜0 =
µ1+µ2+µ3
2
+ ε
µ˜1 =
µ2+µ3−µ1
2
−ε µ˜2 =
µ1+µ3−µ2
2
−ε µ˜3 =
µ1+µ2−µ3
2
−ε.
(3.4)
The latter formulas not only demonstrate the symplectic triangle inequality, but also give
the upper bound on the maximal possible size of the rational symplectic blow-up.
3.1.2. Sufficiency. We let ω3 to denote the symplectic form on B3(µ1,µ2,µ3). Let us
extend ω3 to a symplectic form on X3, the three-fold blow-up of CP
2. We use the same
notation ω3 for the extension; we get
[ω3] = [H ]−
∑
iµi[Ei].
We assume ω3 to satisfy:
(1) [ω3]
2 = 1−
∑
iµ
2
i > 0 (“positive volume”);
(2) µi > 0 and µi+µj < 1 (“effectivity of exceptional curves”);
(3) µi+µj > µk, the latter is the symplectic triangle inequality.
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Let us show that under the additional condition (3) there exist a Lagrangian L∼= RP2 in
(X3,ω3) disjoint from the line H . For this purpose we fix some sufficiently small ε > 0
and define new periods µ˜0, . . . , µ˜3 by (3.4) so that they are positive and satisfy
1−
3∑
i=0
µ˜2i > 0, µ˜0− (µ˜1+ µ˜2+ µ˜3) > 0, 1− µ˜0− µ˜i > 0, i= 1,2,3. (3.5)
Now, consider a line H in CP2 and a point x˜0 ∈ CP
2 that does not lie on H . Let X˜1 be
the blow-up of CP2 at x˜0, and let E˜0 be the arising exceptional curve. After that, take
three distinct points x˜1, x˜2, x˜3 on E˜0 and blow-up X˜1 at them. Denote by X˜4 the resulting
complex surface and by E˜i, i= 1,2,3 the corresponding exceptional complex curves. The
proper preimage of E˜0 in X˜4, which is disjoint from H , is a rational (−4)-curve Σ in the
homology class [Σ] = [E˜0]− ( [E˜1]+ [E˜2]+ [E˜3] ).
At this point we use the Nakai-Moishezon criterion and conclude that there exists a
Ka¨hler form ω˜4 with the periods
∫
H
ω˜4 = 1 and µ˜i =
∫
E˜i
ω˜4. Since Σ is an ω˜4-symplectic
sphere of the area 4ε, we make the rational blow-down of Σ from X˜4 and obtain the
manifold X3 with the desired symplectic form ω3 on X3 (with the prescribed periods and
with an ω3-Lagrangian L∼= RP
2 in X3.)
We will now give more details about applying the Nakai-Moishezon criterion in this
particular situation. We let K(X˜4) to denote the Ka¨hler cone of X˜4.
Lemma 3.1.2. The cone K(X˜4) consists of those classes
[ω˜4] = λ[H ]−
∑3
i=0 µ˜i[E˜i] ∈ H
2(X˜4;R) (3.6)
which satisfy
(˜1) [ω˜4]
2 = λ2−
∑3
i=0 µ˜
2
i > 0;
(˜2) µ˜i > 0 for i= 0, . . . ,3 and µ˜0+ µ˜i < λ for i= 1,2,3;
(˜3) µ˜0− (µ˜1+ µ˜2+ µ˜3)> 0.
Proof. Let us first introduce more notations. The pencil of lines passing through the
point x˜0 ∈ CP
2 yields the holomorphic ruling pr1 : X˜1 → H for which E˜0 is section of
self-intersection number (−1). The fibers of pr1 are in the class [F ] := [H ]− [E˜0].
We let pr4 : X˜4→H to denote the composition of the contractions of E˜i, i= 1,2,3 from
X˜4 with the ruling pr1. While the generic fiber of pr4 : X˜4 →H is a smooth holomorphic
sphere in the class [F ], three fibers of pr4 are singular; each of them consists of two
holomorphic exceptional curves, E˜i, E˜
′
i, i = 1,2,3. The homology class of E˜
′
i is [E˜
′
i] =
[F ]− [E˜i] = [H ]− [E˜0]− [E˜i], i= 1,2,3.
Going back to the proof of the lemma, note that it is sufficient to do the rational classes
H2(X˜4;Q), as K(X˜4) is an open convex cone, in which rational points are dense. Recall
that a class ξ ∈ H2(X˜4;Q) has a Ka¨hler representative if and only if ξ
2 > 0 and
∫
C
ξ > 0 for
each (irreducible) holomorphic curve C. (Note that H1,1(X˜4) = H
2(X˜4;C), so that every
integral class is the Chern class for some holomorphic line bundle.) Let us show that the
classes [ω˜4] provided by the lemma are indeed positive on holomorphic curves. Consider
the following cases:
• If C is Σ, then the positivity follows from (3˜).
8 VSEVOLOD SHEVCHISHIN AND GLEB SMIRNOV
• If [C] · [F ] = 0, then C is either a regular or a singular fiber of pr4, in which case the
positivity follows from (2˜).
• In the last, the most general case, we have [C] · [F ]> 0 and C 6= Σ.
Set d := [C] · [F ] and n′i := [C] · [E˜
′
i ]. Then 06 n
′
i 6 d, as [F ] = [E˜i]+ [E˜
′
i]. Thus, we have:
[C] = d[Σ]+m[F ]−
∑3
i=1n
′
i[E˜
′
i ]. (3.7)
Since [C] · [Σ] > 0, it follows that m−4d > 0. Therefore, one can rewrite (3.7) as follows:
[C] = d[Σ]+(m−3d)[F ]+
∑3
i=1(d−n
′
i)[F ]+
∑3
i=1n
′
i ([F ]− [E˜
′
i ]).
Clearly, [ω˜4] is non-negative on each summand and positive d[Σ]. 
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